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By Benjamin R. Briggs  and  John R. Spreiter 

SUMMARY 

An  approximate  formulation  of  the  steady-state  Chapman-Ferraro  problem, 
given  recently  by  Davis  and  Beard,  is  used  to  calculate  the  coordinates  of  the 
complete  boundary  of  the  geomagnetic  field.  Field  lines  are  then  computed  in  the 
magnetic  meridian  plane  containing  the  free-stream  direction of the  solar  wind, 
taking  into  account  the  distorting  effects  of  currents  flowing  in  the  boundary. 
Numerical  results  are  given  for  the  case  where  the  geomagnetic  dipole  axis  is 
perpendicular  to  the  direction  of  the  solar  wind. 

INTRODUCTION 

This  paper  is  concerned  with  the  theoretical  determination  of  the  steady- 
state  shape  and  location  of  the  interface, o r  boundary,  between  the  magnetosphere 
and  the  solar  wind,  and  of  field  lines  in  the  confined  geomagnetic  field.  Recent 
accounts  of  the  basic  physics,  and  of  the  formulation  of  unsteady  as  well  as 
steady-state  mathematical  models  relating  to  this  problem, will be  found  in 
references 1 through 5. 

The  present  work  is  an  extension  of  that  reported  in  references 6 through 13  
wherein  the  three-dimensional  Chapman-Ferraro  problem  is  simplified  by  the  intro- 
duction  of an approximate  boundary  condition.  The  coordinates  of  the  entire 
boundary  of  the  magnetosphere  are  calculated  for  the  case  in  which  the  dipole 
axis  is  perpendicular  to  the  free-stream  direction. A number  of  field  lines  are 
then  computed  in  the  magnetic  meridian  plane  containing  the  free-stream  direction, 
taking  into  account  the  effect  of  electric  currents  in  the  boundary. 

COMPLTTATION OF THE COORDINATES OF THE BOUNDARY 
FORMULATION OF THE  PROBLEM 

The  determination  of  the  shape  of  the  boundary  of  the  geomagnetic  field,  and 
the  total  magnetic  field  inside  it,  involves  the  solution  of  the  magnetic 
field  equations  div B = 0 and  curl ,B = 0. The  earth's  magnetic  field  is repre- 
sented  by  a  three-dimensional  dipole  singularity at the  origin  (the  center  of  the 



earth).  The  normal  component  of 2 vanishes  at  the  boundary,  and  Dungey  (ref. 3) 
has  shown  that  the  total  (tangential)  field at the  boundary, Bs, may be  expressed 
mathematically  by  the  relation 

BS 
831 
" - 2mnv2 cos2 qJ 

The  quantities  m,  n,  and v are  mass,  number  density,  and  velocity  of  the posi- 
tive  ions  in  the  solar  stream,  and + is  the  angle  between  the  free-stream 
velocity  vector  and an outward  normal  to  the  surface.  The  condition  cos + 5 0 
must  hold  on  the  boundary. 

It is a  property  of  the  boundary-value  problem  described  above  that  the 
field  can  vanish  only  at  isolated  points  on  the  boundary.  These  points  are 
designated  neutral  points.  It  follows  from  equation (1) that  cos lf vanishes, 
and  the  boundary  is  therefore  parallel  to  the  stream,  at  these  points. 

Beard  (ref. 6) dropped  the  condition  that  the  normal  component  of B 
vanishes  at  the  boundary  and  replaced  it  with  the  approximate  condition  %hat 
Bs = 2Bt,  where  Bt  is  the  tangential  component  of  the  geomagnetic  dipole  field 
-% at the  boundary.  The  closely  related  approximation,  suggested  by  Ferraro 
(ref. 9), 

Bs = 2fBt (2) 

where  f  is  a  constant,  was  used  by  Spreiter  and  Briggs  (refs. 10, 11, and 12) 
and  is  employed  in  the  present  work. 

The  differential  equation  that  defines  the  shape  of  the  boundary  of  the 
magnetosphere  according  to  this  approximation  is  obtained  by  substitution  of 
equation (2) into  equation (1). It is,  following  Davis  and  Beard  (ref. l3), 

where p = r/ro and 
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The variables r, 8 ,  and cp are s p h e r i c a l   c o o r d i n a t e s   t h a t  are f i x e d   w i t h   r e s p e c t  
t o   t h e  geomagnetic  dipole axis ( s e e   f i g .  1). The q u a n t i t y  I$,, the  magnetic 
moment of   the   d ipole ,  is  e q u a l   t o  a”%0, where a r ep resen t s   t he   r ad ius   o f   t he  
ear th ,   and is  the  magnitude  of a t  the  magnetic  equator on t h e   s u r f a c e  
o f   t he   ea r th .  The q u a n t i t i e s   i n   e q u a t i o n  ( 4 )  are i n   c g s  units, and  numerical 
v a l u e s   f o r  -a, Bp0, and m are 6.37~10~ cm, 0.312 gauss,  and 1.67~10-~~ gram 
(for protoKs ), r e s p e c t i v e l y .  

The quan t i ty  ro i s  t h e   g e o c e n t r i c   d i s t a n c e   a l o n g   t h e   s u n - e a r t h   l i n e   t o   t h e  
boundary  of  the  geomagnetic f i e ld .  Representa t ive   qu ie t  time va lues   fo r  v and n 
are 500 h / s e c  and 2.5 protons/cm3,  according to   p re l imina ry   ana lys i s   o f   da t a  
from  Mariner I1 (Neugebauer  and  Snyder, re f .  1 4 ) .  These l e a d   t o  a v a l u e   f o r  ro 
of 9.6 e a r t h   r a d i i   f o r  f = 1. Axford ( r e f .  15) (see also  Kel logg,  ref .  16) has 
s u g g e s t e d   t h a t ‘ i f   t h e  weak i n t e r p l a n e t a r y   m a g n e t i c   f i e l d  i s  taken   in to   account ,  a 
co l l i s ion - f r ee   shock  wave may e x i s t   i n   t h e   s o l a r   s t r e a m  on t h e  sunward s ide   o f  
the  magnetosphere. A consequence  of  the  presence  of  such a shock wave i s  t h a t  
the  dimensions  of   the   boundary  are   greater   by a f ac to r   o f   2”   t han   t hose   i nd i -  
ca ted   for   the   p resent   model .  Thus t h e   v a l u e   f o r  ro would be  about 10.8 e a r t h  
r a d i i   i n   t h e  example given  above. 

If a t t e n t i o n  i s  conf ined   t o   t he   p l ane  Cp = +31/2(x = 0 )  where t h e   d e r i v a t i v e  
dp/& i s  zero  by  considerat ion  of  symmetry, equat ion ( 3 )  r educes   t o   an   o rd ina ry  
d i f f e r e n t i a l   e q u a t i o n   t h a t   c a n   b e   s o l v e d   a n a l y t i c a l l y .  The t r a c e  of the  boundary 
i n   t h i s   p l a n e  i s  i l l u s t r a t e d   i n   f i g u r e   2 ( a ) .  The f r o n t   p o r t i o n  i s  c i r c u l a r ,  
p = 1, and  the  upper   port ion is  de f ined   by   t he   r e l a t ion  

The po in t   l abe led  N i s  t h e   p o i n t   o f   i n t e r s e c t i o n   o f   t h e  
t r a c e .  It cor responds   to  a n e u t r a l   p o i n t   o f   t h e   s o l u t i o n  

two segments of t h i s  
of   the  exact  Chapman- 

Ferraro  problem,  s ince  the  magnet ic   f ie ld   indicated  by  equat ion ( 2 )  is d i r e c t e d  
i n   o p p o s i t e   d i r e c t i o n s   o n   e i t h e r   s i d e  of t h e s e   p o i n t s .  A l l  f i e l d  l i n e s   i n   t h e  
boundary  converge to   t he   neu t r a l   po in t s ,   t u rn   sha rp ly ,   and   ex tend   t o   t he   ea r th .  
The magnitude  of  the  magnetic  f ield  should  be  zero a t  t h e   n e u t r a l   p o i n t s   i n   t h e  
boundary,   a l though  this   condi t ion i s  n o t   f u l l y   a t t a i n e d   i n   t h e   a p p r o x i m a t e  
so lu t ion   g iven   here .  

The t r a c e   i n   t h e   p l a n e  8 = n / 2 (  z = 0)  , the   magnet ic   equa tor ia l   p lane ,  i s  
ob ta ined   s imi l a r ly   by   so lv ing   numer i ca l ly   t he   o rd ina ry   d i f f e ren t i a l   equa t ion   t o  
which  equation ( 3 )  r e d u c e s   i n   t h i s   c a s e .   T a b u l a t i o n s   o f   t h i s   r e s u l t   a r e   g i v e n   b y  
Beard ( r e f .  6 )  and   by   Spre i te r   and   Br iggs   ( re f .  10) .  It i s  i l l u s t r a t e d   i n  
f i g u r e   2 ( b ) .  

No t i ce   t ha t   t he   de r iva t ives  ap/& and ap/dCp appear   to   the   second power i n  
equation ( 3 ) .  Thus, it may be   r ewr i t t en   conven ien t ly   i n   e i t he r   t he   fo rm 

o r  
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Here 

J 
and 

B2 = -2 sin cp cos cp 9 - - 

8 - ~ COS P e aQ ->’ 36 - -$ (sin e + 2 cos 8 %)2J 
P 

B 1  = COS ~p - 2 lcrj cos2 e 

B2 = -2 sin cp cos cp 9 - - (8 ) 

8 - ~ COS e ->’ 36 - -$ (sin e + 
P aQ 

The  quadratic  equations,  equations (5) and (6), may  be  solved  algebraically 
for the  indicated  variables,  thus  leading  to  the  differential  equations 

It  should  be  noted  that  equations (9) and (10) are  each,  in  actuality,  two 
differential  equations,  due  to  the  appearance  of  both  the  plus  and  minus  signs 
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preced ing   t he   r ad ica l  terms. The t r a c e   i n  the plane cp = hr/2, discussed   prev i -  
o u s l y   ( s e e   f i g .   2 ( a )  ) , i s  given  by  solut ions  of   the  two o r d i n a r y   d i f f e r e n t i a l  
equat ions  to   which  equat ion (9) r educes   i n   t h i s   ca se .  The c i r c u l a r   p o r t i o n  is a 
s o l u t i o n   t o  the  equation  with  the  upper  sign,  and  the  remaining  portion of t h i s  
t r a c e  i s  a so lu t ion   t o   t he   equa t ion   w i th   t he   l ower   s ign .  A s  noted  previously,  
t h e  two p o r t i o n s   i n t e r s e c t  a t  a point   forward of t he   po la r   ax i s   t ha t   co r re sponds  
t o  a n e u t r a l   p o i n t .  The magnet ic   f ie ld   in   th i s   t race   o f   the   boundary  is p ro -  
p o r t i o n a l   t o  [ s i n  8 + 2(  cos 8/p) (ap /& ) ] /p3, and it is  e v i d e n t   t h a t   t h e  a l te r -  
n a t i v e   s i g n s   a r e   r e l a t e d   t o   t h e   r e v e r s a l  o f   t he   d i r ec t ion  of t h e   f i e l d   v e c t o r  a t  
the p o i n t  of i n t e r s e c t i o n  of t he  two segments of t h i s   t r a c e .  

It is  to  be  expected,  then,  that   the  complete  approximate  boundary w i l l  be 
composed of two sur faces  t ha t  i n t e r s e c t ,  or i n  some manner  merge, i n   t h e   v i c i n i t y  
of the poin t   over   the   po le ,   and  that  one  of  these  surfaces w i l l  be  a s o l u t i o n  of 
equat ion ( 9 )  (or (10) ) with  the  upper  sign,  and tha t  the   o the r   su r f ace  w i l l  be  a 
so lu t ion   wi th   the   lower   s ign .  The curve on the  boundary  along  which  the  signs 
must  be  switched  cannot  be  determined  simply, so  both  surfaces  must  be computed 
independently. The boundary i s  then   cons ide red   t o   be   t he   ex te r io r   pa r t   o f   t he  
two i n t e r s e c t i n g   s u r f a c e s .  

NUMFRICAL INTEGRATION OF THE DIFFERENTIAL  EQUATIONS 

The so lu t ions   t o   equa t ion?  ( 9 )  and (10) that   represent   the  magnetosphere 
boundary  are  determined  by  an  integration  technique  based  on EUler's method for 
so lv ing   o rd ina ry   d i f f e ren t i a l   equa t ions .   (See ,   e .g . ,  Kunz, r e f .  17.) The a p p l i -  
ca t ion   of   th i s   t echnique   to   the   p resent   p roblem w i l l  be   desc r ibed   spec i f i ca l ly  
fo r   equa t ion  ( 9 ) .  It is to   be  understood,   however ,   that  the desc r ip t ion   app l i e s  
as we l l   fo r   t he   so lu t ion   o f   equa t ion  (10) except   tha t   the   ro les   o f   the   var iab les  
8 and cp are interchanged. 

Equation ( 9 )  i s  of the   genera l   form 

The i n t e g r a t i o n   o f   t h i s   e q u a t i o n  commences a t  a known t r ace   o f   t he   des i r ed  solu- 
t i o n   i n  some su r face  8 = cons tan t ,   f o r  example, t h e   p l a n e  8 = n/2 i n   t h e  
present  problem.  Values  for p are given a t  increments LYp along th i s  t r a c e ,  
and t h e   d e r i v a t i v e  i s  computed  by  numerical d i f f e r e n t i a t i o n .  The de r iv -  
a t i v e  ap/& i s  now readily  determined  by means of  equation (11). A s t e p  08, 
f rom  the  surface 8 = 8 i   t o   t h e   s u r f a c e  8 = B i + l ,  is taken  by  inser t ing  the 
values for pi, Qi, vi, and ( a p / & ) i  i n t o   t h e   l i n e a r   e x t r a p o l a t i o n   f o r m u l a  

The de r iva t ives  (ap/aCp)i+l and ) i + l  are now calculated  by  the  methods 
s t a t e d  above,  and  refined  values  for pi+l are ob ta ined   by   subs t i t u t ion   i n to   t he  
averaging  extrapolat ion  formula 
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New  values  for  the  derivatives  of  pi+l  are  computed  as  before,  and  the 
extrapolation-integration  process  is  repeated  for  succeeding  steps A8. 

Attention  should  be  called  to  the  fact  that  the  coefficients A1 and A2 in 
equation (9) vanish  for e = 90'. Thus,  equation (9) is  indeterminate  at  the 
trace  in  the  plane 8 = go0, and  tends  to  be  sensitive  to  small  errors  near  this 
trace.  The  derivative ap/acp, equation (lo), is  zero  in  the  plane cp = *go0, by 
consideration  of  symmetry.  The  numerator  of  equation (10) should  therefore 
vanish  at cp = &go0. Small  errors  in  the  vicinity  of  the  trace  in  the  plane 
cp = &go0 may  lead  to  negative  values  for  the  discriminant B22-4B1B3, however, 
thus  limiting  the  use  of  equation (9) near  these  traces.  Both  equations  are 
poorly  conditioned  near  the  polar  axis,  in  that  small  errors  may  lead  to  negative 
numbers  under  square  root  signs.  It  is  due  to  these  complications  that  integra- 
tions  could  not  be  started  in  the  polar  region  of  the  trace  in  the  plane cp = 90°, 
nor  from  the  segment cp > 180° of  the  trace  in  the  plane 8 = 90'. Thus,  the 
boundary  could  not  be  determined  by  single  integrations  commencing on one or the 
other  of  the  planes  of  symmetry,  but  was  calculated  in  several  pieces, as 
described  in  the  next  section  of  this  paper. 

The  numerical  computations  have  been  carried  out  with  the  use  of an IBM 7090 
computer  in  the  region 90" < cp 5 270°, 0 <_ 8 < 90'. The  machine  procedure 
employed  for  the  taking  of  derivatives  numerically  is SHARE Subroutine CL SMD 3, 
Distribution  no. 331, which  has  been  converted  for FORTRAN use.  This  program 
involves  a 7-point polynomial  smoothing  process,  followed by a  three-point  dif- 
ferentiation  process,  and  it  has  been  found  to  give  good  results  in  quite  general 
application. 

RESULTS AND DISCUSSION 

The  sunward,  nearly  hemispherical,  portion  of  the  boundary  was  calculated 
with  the  use  of  equation (9), starting on the  segment 90° <_ cp < 180' of  the  trace 
in  the  plane 8 = 90° (see  fig.  2(b) ) .  The  integration  was  performed  in  the 
direction  of  decreasing 8. The  upper  sign  was  chosen  to  precede  the  radical 
term  in  the  differential  equation,  by  analogy  with  this  choice  in  the  computation 
of  the  circular  part  of  the  trace  in  the  plane cp = 900. The  increments A9 and 
Cq were 2.5O and 5O, respectively.  At 8 = 20° the  integration  was  halted 
because  of  the  occurrence  of  negative  values  of  the  discriminant  A22-4A1A3  for 
cp in  the  range 90' <_ cp 5 135'. Two additional  integrations  were  carried  out 
starting  from  the  segments 135O < cp < 180' and 150' < cp < 180° of the  trace  in 
the  plane 8 = 90'. The  increments A9 and Ap weretaken to be 2O and 2.5O, 
respectively,  in  these  two  computations.  The  first  of  these  was  stopped  at 
8 = 180, and  the  second  at 8 = 14O, because  of  the  occurrence,  again,  of 
negative  values  for  the  above  indicated  expressions. 

- 

It  was  noted  earlier  that  the  trace  in  the  plane cp = 90' consists  of  two 
intersecting  curves  obtained  with  the  use  of  both  of  the  differential  equations 



imp l i c i t   i n   equa t ion  (10).  The in t eg ra t ions   d i scussed   i n   t he   fo rego ing   pa ra -  
graph  might  possibly have been   con t inued   t o   t he   po in t   ove r  the pole  i f  it were 
known a t  p r e c i s e l y  what po in t   i n   each   p l ane  cp = cons tan t   (e .g . ,   the   po in t  N i n  
t he   p l ane  cp = go0, shown i n  f i g u r e   2 ( a ) )   t o   s w i t c h   t o   t h e   o t h e r   o f   t h e  two d i f -  
f e r e n t i a l   e q u a t i o n s .  The curve  in   the  surface  a long  which  the  switching  takes  
place  cannot  be  determined  by  any  simple  technique,  however, s o  t h e   p o l a r   p o r t i o n  
of  the  boundary  must  be  calculated  by  other means.  There  remains,  also,  the com- 
pu ta t ion  of t he   coord ina te s   i n   t he   r eg ion  180° 5 cp 5 270°. 

It w a s  found t h a t   t h e   t r a c e   p r e v i o u s l y   o b t a i n e d  i n  the  range 140 <_ 8 <_ 900 
i n  the   p lane  cp = 180' can  be  joined  smoothly  to   the  point  p = 21'3 on t h e   p o l a r  
axis by means of a curve   def ined   by   the   s imple   re la t ion  

The constant  K i s  e v a l u a t e d   b y   s u b s t i t u t i o n   i n t o   t h i s   r e l a t i o n   o f   t h e   v a l u e   f o r  
p a t  some po in t ,   s ay  8 = 20°, on the   p rev ious ly   de te rmined   por t ion   o f   the   t race  
i n  th i s   p lane .   Equat ion  (10) w a s  used to   ca lcu la te   the   coord ina tes   o f   the   bound-  
ary i n   t h e   r e g i o n  180' 5 cp < 270° commencing w i t h   t h e   t r a c e   i n   p l a n e  cp = 180° as 
discussed  above. The negat ive   s ign  i s  chosen to   p recede   t he   r ad ica l  term, by 
analogy  with  the  s impler   computat ion  of   the  t race  in   the  plane 0 = go0. (See, 
e . g . ,   r e f .  6, 10, o r  11.) 

?"ne i n t e g r a t i o n  w a s  performed  in  the  range 0 5 0 5 90' i n   t he   d i r ec t ion   o f  
increas ing  cp, with  the  increments A9 = 2O and = 5'. The process   yielded 
r e s u l t s  up t o   t h e   p l a n e  cp = 255O. A second  computation w a s  performed  with L!6 
t aken   t o   be  50. These r e s u l t s   a g r e e   t o  a t  l e a s t   t h r e e   s i g n i f i c a n t   f i g u r e s   w i t h  
the   f i r s t ,   i n t eg ra t ion .  A t h i r d   i n t e g r a t i o n  w a s  c a r r i e d   o u t   i n   t h e   r a n g e  
0 <_ 0 5 20°, where & and Bp were  taken t o   b e  2' and 5 O ,  r e spec t ive ly .  The 
in t eg ra t ion   p roduced   r e su l t s  up t o   t h e   p l a n e  cp = 265' which  agree t o  a t  l e a s t  
th ree   s ign i f icant   f igures   wi th   the   over lapping   computa t ions   p rev ious ly   d i scussed .  

The coordinates  of the   boundary   in   the   reg ion  90' 5 cp < 180°, near t h e   p o l a r  
a x i s ,  were  computed  by integrat ions  f rom  an assumed t r a c e   i n   t h e   p l a n e  cp = 135O. 
The s t a r t i n g   t r a c e  w a s  chosen  by t r ia l  and e r r o r   s u c h   t h a t   t h e   c a l c u l a t e d   t r a c e s  
near   the   p lane  cp = 90° approached  the lmown t r a c e   i n   t h e   p l a n e  cp = 90° as 
c lose ly  and  smoothly as possible .   Equat ion (10) w a s  used  here,   with  the  upper 
s ign .  The s t a r t i n g   t r a c e  w a s  g iven   i n   t he   r ange  0 5 0 5 20°, and the  increments 
@B and 4 were 2O and lo, r e spec t ive ly .  The computations were stopped a t  t h e  
plane cp = 99O i n   t he   app roach   t o   t he   p l ane  cp = 90°, and a t  the   p lane  cp = 1680 
i n   t he   app roach   t o   t he   p l ane  cp = 180'. The r e su l t i ng   su r f ace  merges  smoothly 
into  the  lower  near ly   hemispherical   por t ion,  as p rev ious ly   ca l cu la t ed ,   fo r  cp 
greater   than  about  150'.  The values f o r  p a t  the   p lane  cp = 99' were  extrap- 
o l a t ed   l i nea r ly ,   by  means of  equation (12), over  an  increment = -9O t o   t h e  
plane cp = 90°. These r e s u l t s   a g r e e   t o   t h r e e   s i g n i f i c a n t   f i g u r e s   w i t h   t h e  known 
a n a l y t i c   s o l u t i o n   i n   t h i s   p l a n e .  

The r e s u l t s   o f   t h e s e   i n t e g r a t i o n s  are shown i n   f i g u r e  3 i n  the  form  of 
t r a c e s   i n   t h e   p l a n e s  cp = 90°, 105O, 1200, . . . , 270'. The t r a c e s   i n   t h e  
planes cp = 90° and 270° a r e  the ana ly t i c   so lu t ions  shown i n   f i g u r e   2 ( a ) ,   a n d  the 
po in t   l abe led  N c o r r e s p o n d s   t o   t h e   n e u t r a l   p o i n t   i n   t h e   e x a c t   s o l u t i o n   t o   t h e  



Chapman-Ferraro  problem.  Notice t h a t   i n   t h e   r e g i o n  goo 5 cp < 1500 the p o l a r  
po r t ion  of t he   boundary   i n t e r sec t s   t he  main  sunward port ion  with  discont inuous 
s lope  ap/&. This d iscont inui ty   unques t ionably   represents  a f a i l u r e   o f   t h e   p r e s -  
en t   approxiaa t ion ,   and   would   no t   ex is t   in   the   exac t   so lu t ion .  It i s  bel ieved,  
however, t h a t   t h i s  i s  a l o c a l   f a i l u r e ,  and t h a t   t h e   p r e s e n t   a p p r o x i m a t e   r e s u l t s  
should   be   in   subs tan t ia l   agreement   wi th   so lu t ions   to   the   exac t   p roblem  over  
nea r ly  a l l  of  the  boundary.  Numerical  values  for p as a funct ion  of  8 i n  
planes  of  constant cp are p r e s e n t e d   i n   t a b l e  I. 

FIELD  LINES I N  THE MAGNETOSPHERE 

A computation  of f i e ld   l i nes   i n   t he   magne t i c   mer id i an   p l ane   con ta in ing   t he  
f ree-s t ream  d i rec t ion  w i l l  be   descr ibed  in   the  fol lowing  paragraphs.  

According t o   t h e  Chapman-Ferraro  geomagnetic  storm  theory,  the  field B 
must exh ib i t  a d i p o l e   s i n g u l a r i t y  a t  t h e   o r i g i n   a n d   s a t i s f y   t h e   r e l a t i o n s  
c u r l  B = 0 and d i v  B = 0. A t  the  boundary,  which  forms as a r e s u l t  of i n t e r -  
action  with  the  solar-wind,  the  normal component of 5 must  vanish  and  the 
t a n g e n t i a l  component  must s a t i s f y   e q u a t i o n  (1). If the  boundary  has   been  deter-  
mined s o  as t o   s a t i s f y   t h e s e   b o u n d a r y   c o n d i t i o n s ,   t h e n   t h e   f i e l d   i n s i d e   t h e  
boundary  can  be  determined  by  solution  of  the  above  boundary-value  problem. 
Al te rna t ive ly ,   bu t   equiva len t ly ,  it may be  determined  by s m i n g   t h e   e f f e c t s   o f  
the  geomagnetic  dipole  and  the  currents  f lowing  in  the  boundary  by means o f   t he  
equation 

- 

Jxa 
B = % + J * d S  (15) 

S 

where I& represents  the  geomagnetic  dipole  and a is  the   vec tor   f rom  the   po in t  
a t  which t h e   f i e l d  is  to   be   de t e rmined   t o   po in t s  on the  boundary. The symbol JS 
represents   the   cur ren ts   in   the   boundary ,   and  it i s  r e l a t e d   t o   t h e   t a n g e n t i a l  
f i e l d  Bs - by the   equat ion  

- 

where n is  an  outwardly  directed  uni t   vector   normal   to   the  boundary.  The 
i n t e g r a t i o n   i n   e q u a t i o n  (15)  i s  t o  be   car r ied   ou t   over   the   en t i re   boundary .  The 
r e s u l t s   f o r   b y   t h e  two methods  described  above w i l l  b e   i d e n t i c a l ,   a n d   f i e l d  
l i n e s  may be  computed  by  solut ion  of   the  different ia l   equat ions 

A 

The exac t   cond i t ion   t ha t   t he   no rma l  component  of 5 a t  the  boundary is  zero 
has  been  replaced,  in  the  present  boundary  computation,  by  the  approximate  condi- 
t ion   g iven   by   equat ion  (2). If, now, Js is evaluated  by means of  equation (16), 

8 
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where E& i s  cons i s t en t   w i th   equa t ion  ('2) and the  approximately  determined 
boundary ,   then   f ie ld   l ines  may be  determined by use of  equations (15) and (17) .  
Al te rna t ive ly ,   the   ca lcu la ted   boundary  may be   cons ide red   t o  be exact ,   and  the 
f i e l d  may t h e n   b e   c a l c u l a t e d   b y   s o l u t i o n  of the   p rev ious ly   s ta ted   boundary-va lue  
problem.  Since  the  shape  of  the  boundary  has  been  determined  only  approximately, 
t h e  two sets o f   r e su l t i ng   va lues   fo r   t he   enc losed   magne t i c   f i e ld  w i l l  be  d i f fe r -  
ent .  The f irst  mentioned  method,  involving  the  use of equat ions (15) and (16), 
i s  the   s impler  of t h e  two t o  apply,  and _ w i l l  be employed he re .  

The constant  f i s  a rb i t ra ry   in   the   approximate   boundary   ca lcu la t ion ,  and 
i t s  value may be  chosen s o  as t o  improve the   compa t ib i l i t y  of the  boundary  and 
t h e   f i e l d   l i n e s   i n   l o c a l   r e g i o n s .  I n  the   p re sen t   ca se ,  f was s e l e c t e d  t o  a s su re  
t h a t  none  of t h e   f i e l d  l i n e s  cross   the  boundary  on  the  sunward side. The value 
s o  chosen is 0.85. 

The r e s u l t s  for s e v e r a l   f i e l d  l ines  are p resen ted  i n  f i g u r e  4. A f e w  f i e l d  
l ines   cor responding   to   the   undis to- r ted   d ipole  are a l s o  shown f o r  comparison. 
These  computations  are  plotted  in  terms of the   d imens ionless   var iab le  p. Fig-  
ure  4 is  a u n i v e r s a l   p l o t ,   f o r   t h e   g i v e n   v a l u e   o f  f ,  f o r  a l l  values  of n and v 
The rad ius   o f   the   ear th ,  pe, depends upon t h e   q u a n t i t y  ro (eq.  (b)), however. 
The f i e l d   l i n e s  are labe led ,   for   convenience ,   wi th   the   po lar   angle  Be a t  which 
they   i n t e r sec t   t he   ea r th ,   unde r   t he   a s sumpt ion   t ha t  ro i s  9.0 e a r t h  radii. 
This   case,   which  forms  the  basis   for   the  drawing  of   the  ear th   in   f igure 4, 
occurs ,   for   ins tance ,  for values of n and v of 2.5 protons/cm3  and 500 ?sm/sec, 
assuming t h a t  f = 0.85. 

A g ross   cha rac t e r i s t i c   o f   t he  computed f i e l d  is  t h a t  geomagnetic  dipole 
l i n e s  of force  are   compressed on both  the  dayt ime  and  night t ime  s ides   because  of  
the  magnet ic   effect   of   e lectr ic   currents   in   the  boundary.   Another  i s  t h a t   f i e l d  
l i n e s   t h a t   i n t e r s e c t   t h e   e a r t h   w i t h i n   a b o u t  7' of   t he   po la r   ax i s  on t h e  sunward 
side are swept rearward. As s t a t ed   p rev ious ly ,   t he   cons t an t  f was chosen so 
t h a t  none  of  the  l ines  of  force  cross  the  boundary on t h e  sunward s i d e .  The 
compatibi l i ty   between  the  approximate  boundary  and  the  f ie ld   l ines  is  thus  seen 
t o   b e  good forward   of   the   neut ra l   po in t  N.  The p a t t e r n   o f   f i e l d   l i n e s   t e n d s   t o  
recede  from  the  boundary  from  the  neutral   point  rearward,  however.  It would 
appea r ,   t he re fo re ,   t ha t   t he   he igh t  z of the  boundary  indicated  by  the  present  
approximate  resul ts  is  somewhat g rea t e r   t han  would be  given  by  an  exact  solution 
of t h e  Chapman-Ferraro  problem.  This  conclusion i s  supported,   furthermore,   by 
t h e   f a c t   t h a t   t h e   e x a c t   s o l u t i o n  would ind ica t e   t ha t   t he   boundary  is  p a r a l l e l   t o  
t he   d i r ec t ion   o f   t he   und i s tu rbed   so l a r  wind a t  t h e   n e u t r a l   p o i n t s   a n d   t h a t   t h e  
maximum he igh t   o f   t he   boundary   i n f in i t e ly  far  downstream  must  be  twice  the  height 
a t  t h e   n e u t r a l   p o i n t .  Thus, a lowering  of  the  point N, cons i s t en t   w i th   t he  
implicat ions of t h e   c a l c u l a t e d   f i e l d   l i n e s ,  would b e   r e f l e c t e d   i n  a gene ra l  
decrease   o f   the   he ight   o f   the   en t i re  rear port ion  of   the  boundary.  It i s  a n t i c i -  
pated,   however ,   that   except   in   the  immediate   vicini ty  of the  boundary,  and far  
downstream  from the   ear th ,   the   p resent   f ie ld   computa t ions   should   p rovide  a use-  
f u l  approximation t o   t h e   r e s u l t s   t h a t  may b e   a n t i c i p a t e d  when t h e  Chapman-Ferraro 
problem is  u l t ima te ly   so lved   exac t ly .  

Ames Research  Center 
National  Aeronautics  and  Space  Administration 

Moffe t t   F ie ld ,  Cal i f . ,  A p r i l  26, 1963 
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TABm I. - VALUES OF p IN PLANES cp = CONSTANT 

I 
0,  

deg 90 

o 
1.186 5 
1.26~ 

1. ooo 90 
1.000 85 
1. ooo 80 
1.000 75 
1.000 70 
1. ooo 65 
1.000 60 
1.000 55 
1.000 50 
1.000 45 
1.000 40 
1. ooc 35 
1.00~ 30 
1. OOC 25 
1.ooc 20 
1.051 15 
1.116 10 

L- 
C” 
‘1.26~ 
1.186 
1.121 
1 - 057 
1.013 
1.009 
1.008 
1.007 
1 . o q  
1. 007 
1.007 
1.007 
1.007 
1. o q  
1. 007 
1.007 
1. ow 
1.007 
1. ow 

120 

1.260 
1.193 
1.137 
1.079 
1.044 
1.034 
1.031 
1.030 
1.030 
1.030 
1.030 
1.030 
1.030 
1.031 
1.031 
1.031 
1.030 
1.030 
1.030 

1.260  1.260 1.26~ 
1.205 1.220 1.23: 
1.159  1.190 1.227 

1.085  1.136 1.197 
1.073  1.126 1.194 
1.068 1.122 1.193 

1.066 1.121 1.20~ 
1.066 1.122 1.203 

1.067 1.125 1.208 
1.068 1.126 1.211 
1.068  1.127 1.213 
1.068  1.128  1.214 
1.69  1.129 1.215 
1.069  1.129  1.218 
1.069 1.130 1.219 

1.112 1.155 1.211 

1.066 1.120 1.195 
1.066 1.120 1.197 

1.067  1.124  1.206 

180 

1.260 
1.260 
1.261 
1.264 
1.269 
1 277 
1.285 

1 - 303 
1.312 
1.320 
1.327 
1.333 
1.339 
1.343 
1.347 
1.349 
1.349 
1.3491 

1.294 

195 210 

1.260 

1.34~ 1.300 

1.26~ 

1.322 1.382 

1.367 1.469 

1.413 

1.784  1.517 

1.720 1.490 

1.643 1.454 

1.558 

1.528 1.810 
1.536 1.830 

1.544  1.853 
1.545 1.855 

1.280 1.299 

1.340 

1.754 1.505 

1.683  1.473 

1.601 1.434 

1.513 1.390 

1.425 

1.542  1.845 

225 

1.26~ 
1.316 
1.375 
1.43f 
1.504 
1-57: 
1.646 
1.722 
1.801 
1.882 
1.964 
2.045 
2.124 
2.197 
2.256 

2 - 357 
2.388 

2.313 

2.392 

240 

1.26~ 
1.33c 
1.404 
1.484 
1.572 
1.667 

1.887 
2.015 
2.156 
2.312 
2.484 
2.671 
2.865 
3.044 
3.222 
3 -  370 
3.473 
3.500 

1.772 

25 5 

1.26~ 
1.33s 
1.425 
1.52~ 
1.624 
1.739 
1.869 
2.083 
2.198 
2.408 
2.652 
2.953 
3.329 
3.788 
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Figure 2.- Analytic  solutions  in  the  planes  of  symmetry of the boundary. 
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